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1 Fourier Inversion

1.1 Fourier transform of exponentials

For a > 0, recall that

fna (x) = e−πa|x|
2

=

n∏
j=1

f1a (xj).

Additionally, ∫
R

e−|xj−u|
2/2θ

√
2πθ

dxj = 1 =⇒
∫
Rn

e−|x−u|
2/2θ

√
2πθ

dx = 1.

Lemma 1.1. We have

f̂na =
1√
a
n f

n
1/a.

Proof. Note that

f̂na (ξ) =

∫
Rn

e−2πiξ·xfna (x) dx =
n∏
j=1

∫
R
e−2πiξjxjf1a (xj) dxj

=
n∏
j=1

f̂1a (ξj).

So it suffices to show the lemma for n = 1. Assume n = 1.
We want to show that

e(π/a)ξ
2
f̂1a (ξ) = 1.

We claim that for f = f1a ,
d

dξ

(
f̂(ξ)e(π/a)ξ

2
)

= 0.

We have

d

dξ
f̂ = −̂2πixf =

i

a
̂2πxae−πa|x|2 =

i

a

̂d
dx

(e−πa|x|2) = − i
a

d̂f

dx
= − i

a
(−2πiξ)f̂ = −2π

a
ξf̂(ξ).
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Hence,

d

dξ
(f̂(ξ)e(π/a)ξ

2
) =

d

dξ
f̂(ξ)e(π/a)ξ

2
+ f̂(ξ)

2π

a
ξe−πaξ

2

= ξ
2π

a
f̂(ξ)

[
−e(π/a)ξ2 + e(π/a)ξ

2
]

= 0.

Consequently,

e(π/a)ξ
2
f̂1a (ξ) = f̂(0) =

∫
R
f(x) dx =

∫
R
e−πx

2a dx =
1√
a
.

1.2 Self-adjoint property of the Fourier transform

Lemma 1.2. Let f, g ∈ L1. Then∫
Rn

f̂g dξ =

∫
Rn

fĝ dx.

Proof. We have ∫
Rn

f(x)ĝ(x) dx =

∫
Rn

f(x)

∫
Rn

e−2πiξ·xg(ξ) dξ dx

=

∫
Rn×Rn

f(x)g(ξ)e−2πiξ·x dx dξ

=

∫
Rn×Rn

f(ξ)g(x)e−2πiξ·x dx dξ

=

∫
Rn

f̂(ξ)g(ξ) dξ.

1.3 The Fourier inversion formula

Definition 1.1. Let F ∈ L1. We define

F∨ = F̂ (−ξ) =

∫
Rn

e2πiξ·xF (x) dx.

Theorem 1.1. Suppose F, F̂ ∈ L1. There exists G ∈ C0 such that F = G a.e. and
(F∨)∧ = (F̂ )∨ = G.

Proof. For each x ∈ Rn and t > 0, define

φxt (ξ) = e2πiξ·x−π|ξ|
2t = Ex(ξ)fnt (ξ).
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Note that

φ̂xt (y) = 〈Exfnt , Ey〉 = 〈fnt , Ey−x〉 = f̂t(y − x) =
1√
t
n f

n
1/t(y − x) =

1√
t
n f

n
1/t(x− y).

by the lemma. But setting t = 2πθ gives∫
Rn

fn1/t(z)
1√
t
n dz = 1.

In conclusion, φxt , φ̂
x
t ∈ L1. By the previous lemma,∫

Rn

φ̂xt F (ξ) dξ =

∫
Rn

φxt (y)F̂ (y) dξ.

Using the expression of φ̂xt , we obtain∫
Rn

1√
t
n f

n
1/t(x− ξ)F (ξ) dξ =

∫
Rn

F̂ (y)e2πiy·x−π|y|
2t dy.

Hence

lim
t→0

ρt ∗ F = lim
t→0

∫
Rn

F̂ (y)e2πiy·x−π|y|
2t dy, where ρt(z) =

1√
t
n f

n
1/t(z).

By the dominated convergence theorem,

lim
t→0

ρt ∗ F =

∫
Rn

F̂ (y)e2πiy·x dx = (F̂ )∨(−x),

and F = limt→0 ρt ∗ F a.e., as

ρt(z) =
1√
t
n e
−π|z/

√
t|2 =

1√
t
n ρ1(z/

√
t).

So we have proven that

F (x) = (F̂ )∧(−x) = (F̂ )∨(x) a.e.

We have shown that (F̂ )∧ = (F ◦O), where O(z) = −z. Now F∨ = F̂ ◦ 0, so (F∨)∧ =
(F̂ ◦O)∧.
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