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1 Fourier Inversion

1.1 Fourier transform of exponentials

For a > 0, recall that
fi(z) = el = H fa ().

Additionally,
e~ lzi—ul?/20 e~ lz—ul?/20
/dm~—1:> ————dx =1.
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Lemma 1.1. We have
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Proof. Note that
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So it suffices to show the lemma for n = 1. Assume n = 1.
We want to show that

e(”/a)gfc} =1
We claim that for f = f1,

j{ (A(g)e(ﬂ/a)?) —0.

We have
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Hence,

Consequently,

7r/a§2 1 — —mz?a :L
fhe /f )dx = / dx Ja O

1.2 Self-adjoint property of the Fourier transform
Lemma 1.2. Let f,g € L'. Then
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Proof. We have
[ t@a@ds = [ g [ ey de s
- / F(@)g(€)e™>™ dar d
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1.3 The Fourier inversion formula

Definition 1.1. Let F € L!. We define
FY =F(=¢) = / "8 P () da.

Theorem 1.1. Suppose F,ﬁ € L'. There exists G € Cy such that F = G a.e. and
(F)" = (F)" = G.
Proof. For each x € R™ and t > 0, define

07 (€) = T = By (€)£7(€).



Note that
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OE(y) = (Eofi By) = (1" Bya) = fily — ) = Vi

[y —2) = —= fn(z —y).

by the lemma. But setting ¢t = 2760 gives

n 1
/Rn f1/t(Z)W dz =1.

In conclusion, ¢7, 5? € L'. By the previous lemma,
GPF(E)dE = | i (y)F(y)dE.
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Using the expression of &?, we obtain
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Hence

fln/t(z)'

. 4 1
}Ln(l) pe * F = lim F(y)e%ly'm*”ly'zt dy, where p(2) = —

t—0 Rn \/in

By the dominated convergence theorem,

lim p; % F = F\(y)eQMy'ac dr = (1’_7\)\/(_1,)7
t—0 Rn

and F' = limy_,g pt * F a.e., as

pilz) = \}er—“/m - \}mez/x/%).

So we have proven that
F() = (F)\(-a) = (F)'()  ae.

__ We have shown that (F)N = (F 0 O), where O(z) = —z. Now F¥ = F 00, so (F¥)" =
(FoO)". O
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